ITEP-TH-19/97 
Imperial/TP/96-97/47 
|Kep^tli/9705120| 



Interactions of type I IB D-branes 
from D-instanton matrix model 

I. Chepelev 1 ^] and A. A. Tseytlin 2 '(] 

1 Institute of Theoretical and Experimental Physics, Moscow 117259, Russia 
2 Blackett Laboratory, Imperial College, London SW7 2BZ, U.K. 

Abstract 

We compute long-distance interaction potentials between certain 1/2 and 1/4 
supersymmetric D-brane configurations of type IIB theory, demonstrating detailed 
agreement between classical supergravity and one-loop instanton matrix model re- 
sults. This confirms the interpretation of D-branes as described by classical matrix 
model backgrounds as being 'populated' by large number of D-instantons, i.e. as 
corresponding to non-marginal bound states of branes of lower dimensions. In the 
process, we establish precise relation between matrix model expressions and non- 
abelian F 4 terms in the super Yang-Mills effective action. 
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1 Introduction 



The aim of this paper is to discuss interactions between some D-branes in type IIB matrix 
model of [0] (see also [0]). Our approach will be that of [[J where the D = 10 U(N) super 
Yang-Mills theory reduced to a point was not related to the (Schild form of) type IIB 
string action as in ]!], |j but was interpreted as the direct D-instanton counterpart of the 
DO-brane matrix model of ||. The two matrix models can be put into correspondence 
using T-duality in the time direction. 

The Dp-brane configurations in the instanton matrix model can be described [0], |3|, 
|6], [7|, H in a similar way as in the 0-brane matrix model || 10 1. As was pointed out 



in 0, they should be identified not with 'pure' type IIB D-branes but with D-branes 
'populated' by large number of D-instantons just like D-branes in the matrix model of || 



are 'populated' by large number of 0-branes [O, 112 



In what follows we shall confirm this interpretation by demonstrating that the cor- 
responding long-distance interaction potentials computed in the matrix model and in 
supergravity are in precise agreement. The matrix model (SYM) result is the same as 
the short-distance limit of the 1-loop open string theory amplitude while the supergravity 
result is the long-distance limit of the tree-level closed string theory potential. They agree 
in the N — > oo limit in which the brane configurations become supersymmetric for the 
same reason as in the 0-brane matrix model || IT| . 



The U(N) SYM theory reduced to a point describes a collection of iV D-instantons 
|13|, [14]]. When some of the ten euclidean dimensions are compactified on a torus T p+1 , the 
classical backgrounds represented by constant abelian fluxes ([A m , A n ] = iF mn ) correspond 
to 1/2 supersymmetric non-marginal bound states of type IIB Dp-branes (i.e. 1 + i, 
3 + 1 + i, 5 + 3 + 1 + i) wrapped over the dual torus T p+1 . The configuration with self-dual 
strength [A m , A n ] represents the 1/4 supersymmetric marginal bound state of D3-brane 
and D-instantons which we shall denote as 3\\i ]T5| , IB|. 

There is a close T-duality relation to similar configurations in 0-brane matrix model 
|5|, [TO], |TXJ, 0. Indeed, the interaction potentials between such D-branes in the instanton 
matrix model computed below are direct counterparts of the corresponding results in 
M(atrix) theory found in [17], [11], [12| for interactions between 1/2 supersymmetric 
branes and in [|18J for interactions involving 1/4 supersymmetric branes. 

We shall consider two examples: 

(i) interaction between D-instantons and 1/2 supersymmetric 'Dp-branes', i.e. non- 
marginal p + (p — 2) + • • • + 1 + i bound states; 

(ii) interaction between 'D-string', i.e. 1 + i bound state, and 1/4 supersymmetric 
marginal 3-brane-instanton bound state 3\\i. 

In section 2 we shall determine the corresponding closed string theory (supergravity) 
potentials using classical probe method (see |18j and refs. there). In section 4 we shall 
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reproduce the same expressions by a one-loop calculation in the instanton matrix model. 
In section 3 we shall present some general results about 1-loop effective action in D < 10 
SYM theories and explain their relation to the matrix model computations of the leading 
terms in long-distance interaction potentials. 

One natural generalisation of the present work is to 1/8 supersymmetric bound states 
probed by D-instantons or other type IIB 'D-branes'. In particular, one may consider 
D-brane configurations corresponding to D = 5 black holes as in El E(J and 



21, H 23. 



2 Closed string theory (supergravity) description 
2.1 D-instanton — 'Dp-brane' interaction 



To determine the D-instanton-'Dp-brane' interaction potential we shall consider the lat- 
ter, i.e. the p+(p — 2) + • • • + 1 + i bound state of type IIB D-branes (p = —1, 1, 3, 5) as a 
probe moving in the classical D-instanton background.^] This probe can be described, as 
in |n§, by the standard Dp-brane action with a constant world- volume gauge field back- 
ground. The relevant terms in the euclidean Dp-brane action are (m, n = 1, ...,p+l; i,j = 
p + 2,...,10) 



I = -T 



d p+l 



xe 



det(G, 



+ G ij d m Xid n Xi + F„ 



A e 



(2.1) 



where T mn = T~ x F mn (in what follows B mn = 0) and Cik is the RR 2/c-form potential. 
We used the static gauge and took the target-space metric in the block-diagonal form. In 
general, Dp-brane tension is p4j 



Tp — TipTp 



n p g-\2Tif l -^ 2 T { P + ^ 2 



T = (2vra 



(2.2) 



We shall assume that the euclidean world-volume of a type IIB Dp-brane is wrapped 
over a (rectangular) torus T p+1 with volume V p+ \ = (2tt) p+1 Ri...R p+ i and that there is a 
constant world-volume gauge field background 

/Of, \ 
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(2.3) 



on its world- volume represents the non-marginal bound 



V 

The Dp-brane with the flux 
state (p+(p — 2) + ■■■ + !+ i) of D-branes of dimensions p, p — 2, ... |15[ (with branes 

^^By the potential we shall mean the interaction part of the euclidean action. The euclidean time 
coordinate may be assumed to belong to the internal p + 1-dimensional torus. Alternatively, one may 
consider the p-branes discussed below as being l (p + l)-instantons' |l5| ], with the time coordinate being 
orthogonal to the internal torus. 
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of 'intermediate' dimensions being wrapped over different cycles of the torus). The total 
numbers of branes of each type are 



n. 



-2 = n p 2nT ^ fkR2k-\R2k 



n-i = n p V p+1 Y[ J • ? " 



2tt 



(2.4) 



k=l k=l 

as can be read off from the Chern-Simons terms in the D-brane action ( |2.1| ) ||25|| . 

The D-instanton background 'smeared' in the directions of the torus T p+1 (x\ 
Xp+i = y p+x ) is 

,2 _ jrrl/2/ 7 ,2 , , j„,2 



ds 10 = H_\ (dy 1 H h cfo/ p+1 + dxidxi) 



(2.5) 



i?_ x , C = H_\ — 1 , H_i = 1 



-7— p 



(n) 



We shall use the notation <5 p n ' for the coefficient in the harmonic function H p = 1 + 
of p-brane background which is smeared in n transverse toroidal directions. In general, 

Q p = N^t^T^/'^r 1 , cu k ^ = 2n k ^ 2 /T(k/2) , (2.6) 

= N p g{2ix)^/ 2 T^I\V n uj & ^ n r l = N p N;l n Q p+n {2^) n ' 2 T n l 2 V-\ (2.7) 
where V n is the volume of the flat internal torus. 

Substituting the background ( |2.5| ) into the Dp-brane action Q2.1p and ignoring the 
dependence of Xi on world-volume coordinates x m (so that the matrix under the square 
root in (|2.1|) becomes H^/i8 mn + T mr ) we find 



Ip — ~ TpVp+i 



Hzl n V^-i + /* - (^-i 1 -!)!!/* 



fc=l 



fc=l 



(2.i 



Defining the 'interaction potential' V(r) (r 2 = XjXj) as the deviation from the 'free' 
action of the non- marginal p + ... + % bound state, 



i p = i f - v = -t p v p+ x n V i + fi - v 



(2.9) 



fe=i 



we get for the leading long-distance term in V 



V 



— p Q [p i 1] T P v p+1 n IE + n 7= 

r m=l L fc=i A 1 + JfcJ fc=l \/l 



r 2 



fk 



+fl 



+ 0{ 



The coefficient here is 

Q {p t l) T p V p+l = 2 3 - 1 (3-0! T'- 4 n p iV_ 



i , 



p = 21 - 1 . 



r 2{7-p)> ■ 

(2.10) 
(2.11) 



2 We use the symbol and subscript '—I' to denote D-instantons and the corresponding quantities. 
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In the limit of the large background field F mn (fk ^ 1)> i- e - for large instanton 'occupation 
number' n_i ( j2.4| ), we find (we assume that I < 3 and set T = 1)[] 



V 



.8-2? 



2-\3-l)\ n p N^ J] fn 



m=l 



2E/*- 4 -(E/; 



-2\2 



k=l 



k=l 



+ ... 



(2.12) 



For example, in the case of p = 1, i.e. the D- instanton-' D-string' interaction 



V = --mN^f + 



f = fi 



-i 



(2.13) 



Note that the potential ( |2.12| ) vanishes for p = 3 and fi = / 2 . In this case the background 
field F mn is self-dual and the interaction between D-instanton and 3 + 1 + i non-marginal 
bound state becomes essentially the same as the interaction between D-instanton and 3||i 
marginal bound state?] but l i — (3||i)' is a BPS configuration |15| . Analogous conclusion 
is reached in the T-dual case of 0-brane -4 + 2 + bound state interaction: when the 
magnetic flux on 4-brane is self-dual, — (4 + 2 + 0) interaction is the same as the — (4||0) 
one 



The expression ( |2.12j ) can be put in the following 'covariant' form 



V 



-2/ 



2 _ '(3-Z)! VV+i Jdet F, 



F mkFknF nsF sm . {F mnF i 



+ 



(2.14) 



F xnn — {.F n m) 

Since the D-instanton number in (|2.4j) is equal to 



n~i = n p (2n) V 2i ydet F, 
we can represent ( j2.14| ) also as 
(3-/)! V 2l 



V 



1, ~ 



(4vr)V 8 - 2/ 

where Vn is the volume of the dual torus 



F mkFknF nsF sm . \F\ mnF t 



+ 



(2.15) 



(2.16) 



[2.17) 



The F A coefficient in this expression is exactly the same as the quartic term in the 



expansion of the Born-Infeld action Jdet(5 rnn + F mn ) or in the open string effective 



5 Let us note that the subleading 



r 2(7-p) 

m=l l k=l V Jk > k=l V 1 - 



term in V ( ^9| ) is proportional to (cf. ( |2 . 1 C| ) ) 

h 1(V 1 f + lv - 

8 VZ ^ 1 + fl> 4^(1 + 



k=l 



k=l 



(1 + A 2 ) 2 



The leading term in the large field (fk — * 00) expansion of this expression vanishes. 

4 D-instanton does not couple to D-string charge; the contribution of the latter is in any case suppressed 
for large f k - 
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action. This can be seen directly from (|2.8|) by noting that the expression there is 



Hzl[^det(G mn + T mn ) - Vdet^ mn ] = y/detT mn \Hzl[yJdet(6 mn + H^T-*) ~ 1]) • The 

reason for this non-trivial coincidence (note that T mn is the inverse of the background 
field T nm in the probe action) will become clear below when we reproduce ( [2.1 6| ) from 
the matrix model. 



2.2 Interaction of 'D-string' with 3-brane— instanton bound state 



To determine the interaction potential between the non-marginal bound state of D-string 
and D-instanton and the marginal bound state of D3-brane and D-instanton we shall 
consider 1 + % as a probe moving in the 3||i background. As above, the action for the 1 + i 
probe will be the D-string action ([2.1|) with a constant flux ( |2.3|) on 2-torus representing 
the D-instanton charge. 

The 3||i type IIB supergravity background [16j is T-dual to 4||0 or 5||1 solutions J27 . 



We shall assume that the 3-brane world volume is wrapped around 4-torus (in directions 
1, 2, 3, 4) and that the world volume of (1 + z)-brane probe is parallel to (5, 6) directions, 
i.e. that the world volumes do not share common dimensions.^ The corresponding metric, 
dilaton and RR scalar fields smeared in the (5, 6) directions are f27| 



ds 2 

Ub 1Q 



(H_ 1 H 3 ) 1 / 2 {HZ 1 (dy 2 1 + ... + dy, 



C = HZ\ - 1 , #-i = 1 + 



dy 2 + dyl + dxidxi] 

^ , #3 = 1- 



:2.1s) 



where are given by ( |2.7|) (C*2 = 0; the value of C4 background will not be important 
below). Ignoring the dependence on derivatives of X, we find for the 'D-string' probe 
action h (/ = /1) 



h = -T x J d 2 x\HzyH^H 3 + f- (HZI - 1)/ 



-TxV 2 f 



l + HzHJl + H^H.f 



-2 



The leading long-distance interaction term in V is 



Q 



(2) 



1 



-TxV^l + P-V 
f 



(2.19) 



[2.20) 



This expression is in direct T-duality correspondence with the static potential between 
the 2 + and 411 bound states in IIBI. 



The potential (|2.20| ) has the following large / (large instanton charge n_i of 1 + i) 
expansion, cf. (|2.13| ) 

1 

2r~ 2 ' 



V = —n^Nj-N^V^f 3 - \N z ~f) + 



/ = r 1 



(2.21) 



5 Here the adequate interpretation is that the time direction is orthogonal to both of the (1 + i) and 
(3||i) world-volumes ]15|. 
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where V4 is the volume of the 4-torus.[] V can be expressed in terms of 



n_i = n 1 (2vr)- 1 1/ 2 / = n^Try^ 1 /" 1 



(2.22) 



as follows 



V 



47rr : 



(4vr) : 



-n^vJ a -\nJ a ) + ... . 



(2.23) 



Since in the matrix model representation N$ will be the instanton number of a gauge field 
on the dual 4-torus, ( |2.23 ) will be, like ( 2.161) , proportional to the integral of F 4 terms 
over the dual 6-torus (N 3 f 4 will be a subleading correction). 



3 One-loop effective action in D < 10 super Yang- 
Mills theory 

To put matrix model computations in a proper perspective, it is useful to give a summary 
of some general results about the one-loop effective action T(A) of maximally supersym- 
metric YM theory in D < 10 dimensions. 



3.1 UV divergences and 'large mass' expansion 

In general, 

— tr]Tc a e- sA ° , (3.1) 

1 2 S a 

where the sum over a runs over bosonic, background gauge ghost and fermionic contri- 
butions taken with appropriate relative coefficients (c„ = 1,—2,—j). A a are second 
order differential operators (— D 2 + X) depending on background value of the gauge field 
and A — ► oo is UV cutoff. The divergent part of V can be expressed in terms of the 
DeWitt-Seeley coefficients b n 

1 oo „ 

(tr e- sA ) s _ * j^yjj- 2 E J d°x b n (A) , (3.2) 

i.e. 

r< "' = - (I^mJ d HlT b » + b ' + W=l b * + - + \ 111 A2 b °) • (3 - 3 > 

where b n = E a c a K(K)- For pure YM theory || b 4 = ±(D - 26)TrF£ n (the ap- 
pearance of the coefficient D — 26 can be understood from string theory P8||), while for 



D = 10 SYM theory and its reductions to lower dimensions [28 



b = b 2 = b 4 = b 6 = , (3.4) 



6 The large / limit of the £ subleading term in V is - ^T^Q^ (2Q^\ + Q^)/ -3 - 
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so that SYM theories in D < 7 are one-loop UV finite. At the same time, b 8 and bio 
are, in general, non-vanishing. In particular, in a constant abelian background bio — 
but b 8 ~ F 4 ^ 0, implying the presence of logarithmic divergence in D = 8 SYM and 
quadratic divergence in D = 10 theory P8| . The general non- abelian expressions for b 8 



and bio ( U P to F 5 terms) in SYM theory were found in (basing on the results of |30| ) 

b 8 ^Fmk-F n kF mr F nr -\- ^F m } z F n ] t F nr F rnr -gF m i i F rn i i .F nr F nr ~^F m i : F nr F m } i F n ^ , 

(3.5) 

Trl DFi.Fi.DF F +-D F uF uD F F 

'1U ic 11 I ^ a A mk- L nk J - j, a ± mr ± nr ~ n^a^ mk ± nk-^a^ nr ± n 



)+0(F 5 ). (3.6) 



4 DqF Jn j : F m l t DqF nr F nr g D 1 qF, m ] t F nT D "qFmkFnr 

The trace Tr is in the adjoint representationfjand we dropped gauge-dependent 0(D m F m k) 
terms which vanish on the equations of motion. 

The reason why the structure of b 8 (i.e. of the coefficient of quadratic divergence in 
D = 10 SYM) is the same as of the F 4 term in the open superstring effective action was 
explained in |29| |] 

Let us now formally shift A a by the same constant term M 2 and define 'IR regularised' 
effective action Ym 



oo 



T M = i]Tc a In det(A a + M 2 ) = -| / -e^tr £ . (3.7) 



A- 2 S 



This modified 1-loop effective action is finite in D < 7 and has the following large M 
expansion (we use ( |3.2|) ) 



* ~ "3 J d ° X ^ U^d/^mu-d b « 



- {A7r) D / 2 M n - D n 2(4tt) d / 2 

The explicit form of the leading term is 

(3 



d D x 



r(s=°) , r(^ 



m s-d b 8+^TcT7J- b io+- 

(3.8; 



M 



3(4ir) D / 2 M 8 - D 



J d X r Vv^F m l i F n } t F mr F nr -\- 2^mkFnkFnrFn 



^FmkFmkFnrFnr gF rn i s: F nr F m i : F nr ^ -\- O ( j^lQ— D ) ' (3*9) 



7 For generators of SU(N) Tr(T a T b ) = NS ab , tr(T a T b ) = \8 ab and TrX 2 = 27VtrX 2 , TrX 4 = 
2NtrX i + 6(trX 2 ) 2 , X = X a T a (see Q; similar expressions in Appendix B of |2| should be multiplied 
by factor of 2). The same relations are true for a matrix X belonging to U(N) algebra provided X in 
the r.h.s. is replaced by its traceless part X — > X = X — jjtrX I. 

8 This term can be extracted from the a' — > limit of the string one-loop effective action {-^rF A — > 
A 2 F 4 ) if one includes planar as well as non-planar (tiF 2 ) 2 ) contributions. The tree-level open string 
effective action contains similar F 4 term (the kinematic factor in the tree-level and 1-loop 4-vector 
amplitude is the same p3[) but with tr instead of Tr pi. 
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or, equivalently, in terms of the trace in the fundamental representation of U(N) 



2(3 -\D)\ 

'3(Att) d / 2 M 8 - 



D 



d D x[ Nti 



a F m k Fmk F nr F nr 



g Fmk Fnr F m k ^nr 



+ 3 



M 10-D- 



(3.10) 



A^-(^FfnkFnr} ^(-^mfc-^nr) gtr(-f m / c -f 1 m / c ) \x(F nr F nr ?) 

where F mn = F mn — 4trF mn I. This expansion is useful in discussions of long-distance 
interactions between Dp-branes where D = p + 1 and M is proportional to separation 
b between branes, i.e. M 2 = Tb 2 (expressions related to special cases of (|3T^),( |3~T0| ) 
appeared in ffl, |33| and, in particular, in P0"| ; see also below). 

Note that the subleading 0( M1 l_ D ) correction determined by bio vanishes in the case 
of constant abelian backgrounds which describe, e.g., interactions between 1/2 super- 
symmetric non-marginal bound states of D-branes. The coefficient bio is, in general, 
non- vanishing for non-abelian background fields. 



3.2 Constant abelian gauge field background 



The one-loop effective action of SYM theory in D dimensions can be computed explicitly 
for a constant abelian gauge field background (i.e. for F mn = F I mn T I belonging to the 
Cartan subalgebra of a compact semisimple Lie algebra) following |28|, 35]. The basis 
Tj (I = l,...,r) in the Cartan subalgebra in the adjoint representation can be chosen 



set of d x d diagonal matrices Tj 



.X 1 ) 



{a j } are positive roots 



9, Q 



diag(0, 0, ckj , —a} ', a 

-1 Otj Otji — On 



(q) 
1 



-a 



where 



r 



El 



Let us define 



p(0 



and assume that all F^ n have 'block-diagonal' form (we choose space-time 



dimension to be even D = 2l)f^ 



pM 



/ f| 



(0 



(0 



V 



f(0 
I D/2 



fW 
I £>/2 



(3.11) 



Then one finds the following general expression for Ym in ([3 .7]) (Vd = J d D x) 



2V 



-M 2 s 



(47r) D / 2 J s 1+D / 2 



q ,D/2 

E(n 

i=l v fc 



i sinhf^ s 



''The expressions that follow are true also in more general case if the parameters ft' are simply 



replaced by Lorentz invariants constructed out of F 



(') 



{i)\2h 



2\ - 1 r miTti r nir 



F (0 



(separately for each i) according to the rules 
1, 
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D/2 



X 



k=l 



D/2 



(cosh2f£°s - l) - 4(n coshff s - 1) 

k=l 



(3.12) 



In what follows we shall consider the special case when the background is such that N of 
F^ n are equal to the same F mn while the rest vanish, i.e. when f^ = 4, i — 1,...,N. 
The corresponding background field strength is given by diagonal matrices in the adjoint 
or fundamental representaions: 



F^ = diag(0,...,0,F mn ,-F 



miij ■■■j F mn , F mn ) , 



p(fund) 



F 10 




where I a unit n x n matrix and N = n(N — n). Then 



M 



2N V D 

(4tt) d / 2 



ds 



-M' 2 s 



A+D/2 



D/2 

n 

k=l 



sinhfi.s 



D/2 D/2 

Y (cosh2f fc s - 1) - 4( JJ coshf fc s - 1) . 

k=l k=l 1 

(3.13) 

This integral is UV convergent for D < 7 and logarithmically divergent for D = 8 implying 
also the presence of 0(F 4 ) quadratic UV divergence in D = 10 SYM theory. It is also IR 
divergent for certain f^ and small enough M (which is a manifestation of the well-known 
tachyonic instability of the YM theory in a constant abelian background which is not 
cured by supersymmetry) . 

For example, the standard (M = 0) one-loop effective action for maximally super- 



symmetric SU(2) YM theory in D = 4 in background F n 



F mn ^ (i.e. N 



4V 4 



(47T) 



ds Us 



Us 



s 3 sinhfis sinhf2S 



(coshes — coshf 2 s) 



1) is 



(3.14) 



For comparison with the matrix model expressions, it is useful to separate a factor 

(3.15) 
(3.16) 

(3.17) 



Af ~ y/det F mn in T M representing it as 

r M = n M w , 

N = {2it)~ D/2 V D JJ f fc = (2n)- D / 2 V D ^det F, 

k=l 

" j D/2 -, r D/2 

ds * 4 2 s 1 



n 



■ 2 sinh ffeS 



D/2 



Y (cosh2f fc s - 1) - 4( JJ coshf fc s - 1) 

■ k=l k=l 

In the matrix model context A/" -1 will be an integer (or a rational number, cf. ( |2.15| ),( f2.22| )) 
and will be cancelled against a factor contained in N (see section 4). 

Special cases of T M ( |3.15| ) or (up to an overall coefficient) W appeared in the dis- 
cussions of interaction potentials between D-branes (see, e.g., |3B|, |I|, [I7|, [II], The 

10 For example, for fi = iv, fa, ■ f; = 0, M = b we get from (|3 -17 ) the (light open string mode part of) 

phase shift for the scattering of two 0-branes |3(|, S = —iW = J ^ e~ b s (sini;s) _1 (cos2vs — 4 cos us + 3). 
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general expression Q3.17D was given in |J, where it was describing the potential between 
parallel 'Dp-brane' and anti-'Dp-brane'. 

The leading terms in the large M expansions of and W can be found directly from 



M 



(3-±D)\NV D 

( 47r )D/2 M 8-D 



. D/2 D/2 

2E4 4 -(E4 2 ) 2 

fe=l fc=l 



+ 0( 



1 



(3-^)!NVp 

(4tt) d / 2 M 8 - d 

(3 -§£>)! 1 



FmfcFnfcFmrFnr ^(F m fcF m fc) 



M io-z? 
1 



) 



FmA;Fr t fcF mr .F nr j (F m / c F m ^.) 



1 

4 ( 



+ o- 1 



(3.18) 



(3.19) 



They have the expected F 4 structure (|3.9Q . In fact, for the abelian background considered 
above one has from (13.51): 



b 8 = Tr[F 4 - ^(F 2 ) 2 ] = 2N [F 4 - ^(F 2 ) 2 ] 



2N 



D/2 



D/2 



2E4 4 -(E4 2 ) 2 

k=X k=l 



(3.20) 



4 Matrix model (super Yang-Mills) description 

In this section we shall demonstrate that the leading-order terms in the long-distance 



potentials between BPS bound states with 1/2 and 1/4 of supersymmetry ( 2.12|) and 
( P- 21] ) computed in section 2 using classical closed string effective field theory methods 
are indeed reproduced by the instanton matrix model, i.e. by the corresponding 1-loop 
SYM computations. 

The instanton matrix model is defined by the D — 10 U(N) SYM Lagrangian reduced 
to 0+0 dimensions (in this section we shall assume that T _1 = 2na' = 1) 

L = ~i tr G Xu]2 + 2 ^ 7m [0, Xfi] ) ' (4,l) 

where the elements of iV x N matrix 9 are 16-component real spinors and 710 = Iiexi6- 

We shall consider the background gauge field = T (Xi, . . . , X 10 ) where the com- 
ponents 

( \ 

Xi=\ * X ( 2) I , i = l,. ..,8,10, (4.2) 
correspond to the coordinates of the two BPS objects and 
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represents their separation b. The calculation of the SYM one-loop effective action in this 
background is similar to the one described in ||18||. Let us define the operators 



H 



xP ® I - I ® X?> 



Hi 



X, 



(i) 



I + I ® X§ ] * , 



(4.4) 



where x\f = [X^,Xf\ X 
1-loop effective action is the sum of the bosonic, ghost and fermionic contributions, 

W = W B + W G + W F , (4.5) 



(i) v(l)l 



-(2) 



[Xj ,Xj ] and * is the complex conjugation. The 



W B = hidet(H6 lu , + 2H l 



Wt 



G 



-21ndet H. 



§lndet(# + X)7i7i-Hi 



where the operators act in the U(N) matrix index space, Lorentz vector space and Lorentz 
spinor space. In the case of the background 



X 



10 



id T 




X, 



vr 




the resulting expression for W in ( 4.5|) becomes the same as found in the 0-brane matrix 
model |L8] for the relative motion of two BPS objects along the direction z#. This may 
be viewed as a manifestation of T-duality in string theory or Eguchi-Kawai reduction in 
large X SYM theory E7L |, ID. 



4.1 D-instanton — 'Dp-brane' interaction 



A 'Dp-brane' wrapped over a torus T p+l is represented by the following classical solution 
of the instanton matrix model (to, n — 1, ...,p +1 = 2/) 



X m T {id m -\- v4 m )I n _ 1 xn _i 



[■^mi X n ~\ iT F mn l n _ 1 x n _ 1 



(4.6) 



where d m act on functions on the torus and F mn is a constant abelian field strength. This 

configuration corresponds [|J to the (p+(p — 2) H hl+i) type IIB bound state wrapped 

over the torus T p+1 dual to T p+1 . We shall choose _F mn in the form 



■J mn — - L ± rr 



( o h 
-h o 



V 



o h 

-fi o J 



(4.7) 



This background field is (minus) the inverse of the one which appears in the T-dual string 
theory picture (|2~3l) , i.e. fmnfm'n = <W, or f k = f^ 1 . 

Let us explain the reason for this inverse identification between the fluxes in the matrix 
model and string theory descriptions (see || |ll| for discussions of T-dual type IIA cases). 
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The U(N) SYM theory on T p+1 represents n p = N Dp-branes with euclidean world- 
volumes wrapped over the torus [|13[]. By T-duality J37J, it is also describing n_i = N 
D-instantons on the dual torus T p+1 . Turning on the background field ( |2.3| ) on T p+1 we 
get a non-marginal bound state p + (p — 2) + ... + i with the 'induced' instanton number 
( p.4|) , (|2.15|) equal to n_! = n p V p+ i(^) E ^~ (for simplicity here we set all f k to be equal to 
/). Since T-duality along all of the directions of the torus T p+l interchanges instantons 
with Dp-branes, the corresponding bound state wrapped over T p+1 contains h p = n_i 
Dp-branes and n_i = n p instantons. If the background field T mn that produces this 
charge distribution is ([4.71) , then h_i = n p V^ +1 (|^-)^ _ . As a result, 

h p = n_i , n_x = n p (4.8) 

implies 

W?r-)^ W?r)^ = i , i-e. / / = 1 , (4.9) 

where we used (|2.17| ). 

The matrix model background describing the configuration of 'Dp-brane' (p = 21 — 1) 
with the world- volume directions X\, X p+ \ and iV_i D-instantons located at the origin, 
which are separated from each other by a distance h in the 9-th direction is thus represented 
by 

X« = Ql , X™ = Pl , ... , X™ ! = Ql , X« = Pl , X« = b , (4.10) 

[?A,Pn] = ifkSkrJ , /* = /fc" 1 , (4.11) 

with all other Xjp components being equal to zero and the iV_i x iV_i matrix A^ 2 ) 
(/i = 1, 10) having zero entries. 

The bosonic, ghost and fermionic contributions to the 1-loop effective action W (|4.5|) 
in this background are 

oo oo 

Wb = iV_i E Tr In (ftf n} ^ - 2^) , W G = -2iV_i E Tr In b\ n] , (4.12) 

{n}=0 {n}=0 
°° / Z ~ \ 1 ~ 

{n}=o \ z y k=1 

where {n} = {n\, ...,n{\. The constant background field matrix J 7 ^ has (|4.7|) as non-zero 
entries. The resulting effective action W ( [4.5| ) is given by 



W = -2iV_: / - e"*' J] ■ w ~ E (cosh2/ feS - l) - 4([] cosh/ fcS - 1) 
jj s k=1 2smhf k sl k=1 K k=1 

This is equal to the 1-loop effective action Fm of the U(N) SYM theory on the dual 
torus T p+1 in a constant abelian background proportional to T mn and with an IR cutoff 
M = b (see (p.7|),( |3TT3| ),( |3.15| )). The dimension of the fundamental representation of the 
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YM gauge group is the total number of instantons N = iV_i + n_i (with both iV_i and 
n_i assumed to be large). 

Indeed, let us set D = p + 1 = 21, f k = f k , V D = V 2 i and 



N = N-i + n. 



(4.15) 



in the SYM expression ( |3.13| ) or ( p,15| ),( pTT7|) . The corresponding abelian U(N) SYM 
background in the fundamental representation is given by a diagonal N x N matrix 



T I 



where I is a unit n_i x n_i matrix. In the adjoint represent ant ion 



it has N = n_iA^_! non-zero entries {J- mn , —T mn ) (differences of diagonal values of 
the Cartan subalgebra element in the fundamental representation). Equivalently, N = 
q(N-i + n_i) — q(N-i) — q(n~\) = n_iiV_i, where g(iV) = ^N(N — 1) is the number of 
positive roots of U(N). The resulting SYM effective action is thus given by (|3.13|) . 

Since the factor Af in fl3.16|) on the dual torus is Af = ^p- = we conclude that for 
n p = 1 (assumed in the derivation of ( |4.14j )) the factor of N = cancels out, i.e. 

T M =AfN W = N^W = W . (4.16) 



Retaining only the leading term in the large distance (6 — > oo) expansion of W, we 
find the same expression as in ( |3.18|) , (|3.19|) 



W 



21 



2-'(3-/)!iV_ i n/ fc - 1 [2^^-(E/^ 

k=l L fc=l k=l 



oi 



6io- 



2( 



(4.17) 



Remarkably, with b = r and fp. = f k 1 this coincides with the long-distance interaction po- 
tential ( [2.12|) , (|2.14|) , (|2.16| ) found from supergravity in the limit of large instanton number 
n_i (large f k or small f k ). 



The coefficient of the subleading fel0 _ a ; term in ( 4.17 ) turns out to be zero. This is a 
consequence of the vanishing of the coefficient bio ( P-6|) in (|3.8| ) in a constant abelian back- 
ground. Note, however, that the powers of r = b in the subleading terms in ( |4.14| ),( |4".17| ) 
and in the supergravity expression ( |2.10| ) do not match in general. 

The same universal expressions ( |4.17|) or ( p.20| ) describe also interactions of T-dual 
configurations of branes in the 0-brane matrix model. For example, the scattering of the 
two 0-branes is represented by the (electric) background F i = iv, N = n + N , N = 
n N , i.e. I — 1, fx — iv, S — —iW ~ \v 3 . The case of a 0-brane scattering on a 



2 + brane is represented by N x N matrix F„ 



I v 





T^l I? 



, where 



V ^mri L N o xN , 

^mn = f e mn for m,n = 2, 3, T$ n = ive mn for m, n — 0, 1 (1 is dual to the direction of the 
0-brane motion, 2, 3 are dual to the directions of 2-brane) and we assume that the volume 
V2 of the two-torus (xo,£i) is chosen so that ivVz = 2n. In the adjoint representation 
this background is given by F mn = diag(0, 0, F mn , -F mn , F mn , -F mn ) with the total 
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number of non-zero entries 2N = 2n N and F mn = — (which has block-diagonal 
structure as the non-zero components of and are orthogonal). As a result, here 



1 = 2, fi = f, fi = iv and thus 5 = —iW ~ ^j(/ 4 + 2v 2 f 2 + v 4 ) in agreement with JTT 



4.2 Interaction of 'D-string' with 3- brane— instant on bound state 



The matrix model background corresponding to the configuration of the 'D-string' (1 + i) 
wrapped over a 2-torus in (5, 6) directions and the D3-brane-D-instanton bound state 
(3 wrapped over a 4-torus in (1, 2, 3, 4) directions, which are separated by a distance b 
in the 9-direction is given by (a = 1, 4; T = 1) 



xp = T- 1 {id a + A a ) = P a , X, 



(1) 



(4.18) 



X 



(2) 



q, 



x, 



(2) 



V; 



[Q,P] = ifl 



where the U(N-x) gauge potential A a is representing the charge N 3 instanton on the dual 
torus T 4 (see, e.g., ||), i.e. its field strength G ab = d a A b — d b A a — i[A a , A b ] satisfies 

G ab = *G ab , / d A x ti{G ab G ab ) = N 3 . (4.19) 

The bosonic, ghost and fermionic contributions to the effective action (|4.5|) in this back- 
ground are 



W B = £ Tr In [(b 2 n + P 2 )5, u - 2i^ u ] , W G = -2 £ Tr In (b 2 n + P 2 ) , (4.20) 



n=0 



n=0 



n=0 



^Trlnfe + P 2 + - 7m ^ 



mfc ; ) 



b 2 n = b 2 + f(2n + 1) . 



where 



•J /m 



Gab 
T a p 



T a p — fe a p . 



(4.21) 



The expression for W is computed in a similar way as in the T-dual case of (2+0)-(4||0) 
configuration considered in |[il|. The final result for the leading long-distance (b — > oo) 
term in W is 



W 



32n 2 b 2 



/ /. d A x tr(G ab G ab ) - VtN-xt 



(4.22) 



2b 2 



N 3 f-j^V 4 N-xf 3 )+0( 



1_. 

•ft 4 ' 



This becomes exactly the same as the supergravity result for the interaction potential 
Q2.21J) after we set b = r, / = ni = 1, use the relation (|2.17|) , i.e. V4V4 = (27r) 4 , and 
note that since it is assumed that iV_i ^> N$ the last term in Q2.21|) can be neglected. 
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The expression ( f4.22|) is equivalent to the leading-order 0(F 4 ) term in the £7(n„i+iV_i) 
SYM effective action (|3.9|) on the dual 6-torus T 2 x T 4 computed in the background 



G a b 

71 — 1 X 71— I 



(4.23) 



Indeed, substituting T mn ( [4.23|) into (|3.10| ), i.e. into b 8 in ( |3.5| ), and observing that 
the G 4 -terms cancel out (b 8 vanishes on a self-dual gauge field background) one is left 
with the the abelian T A term and the 'cross-term' T 2 G 2 i.e. 



b 8 (.F) = Tr 



■2\2 



\f 2 G 2 



2n„ 



N-J 4 



f 2 tr(G a bG 



ah, 



(4.24) 



where in the first expression T and G are the adjoint representation counterparts of the 
N x N matrices in the fundamental representation with non-vanishing n_i x n_i and 
iV_i x iV_i blocks (note that the spatial components of JF and G are orthogonal). One 
can also derive this expression by formally representing G a b as an abelian matrix with 
two equal 2x2 blocks, i.e. G a b = g^ab^-N. 1 xN^ 1 for a,b — 1,2 and a,b = 3,4. Then one 
may apply formula (|3.20 ) for the abelian background with f x = /, f 2 = f 3 = g. This gives 
b 8 = 2n_ 1 AL 1 [2(/ 4 + 2^ 4 ) - (f 2 + 2c/ 2 ) 2 ] = 2n_ 1 iV_ 1 (/ 4 - 4/V), i.e. the same result as 
in (p|) since tr(G ab G ab ) = 4iV_^ 2 , (2n)- 2 V 4 g 2 N. 1 = N 3 (cf. (p])). 

For rii = 1 one has n_\ = 27rV 2 ~ 1 f" 1 (see (|2.22|) ) and concludes that 



Al 



- - V 2 I d 4 x b 8 + Ot—r) 
2(4tt) 3 M 2 Jf * K M iJ 



(4.25) 



in ( p.9|) is equal to W in ( 4.22[) for b = M. This is also in agreement with the supergravity 
potential represented in the form ( |2.23| ). 

Thus we have found complete agreement between the 1-loop matrix model and classical 
supergravity expressions for the leading-order long-distance interaction potentials. 
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